EXPONENTIAL ERGODICITY OF STOCHASTIC BURGERS EQUATIONS 
DRIVEN BY a-STABLE PROCESSES 



ZHAO DONG, LIHU XU AND XICHENG ZHANG 



(N 

o 

(N 



o 

(N 



Abstract. In this work, we prove the strong Feller property and the exponential ergodicity of 
stochastic Burgers equations driven by o'/2-subordinated cylindrical Brownian motions with a e 
(1,2). To prove the results, we truncate the nonlinearity and use the derivative formula for SDEs 
driven by a-stable noises established in [ 3 3 1 . 



1. Introduction 

Stochastic Burgers and Navier-Stokes equations, as models of studying the statistic theory 
of the turbulent fluid motion, has been studied in many literatures in past twenty years. In 
particular, the existence-uniqueness and ergodicity have been studied by many authors under 
p ! ■ non-degenerate or degenerate random perturbations (cf. Q3 [6l [T51 EES Q31 Q/71 [25j etc.). In 

these works, the random forces are assumed to be the Brownian noise, which can be naturally 
regarded as a continuous time model. 

In recent years, the stochastic equations driven by Levy type noises also attract much attention 
(cf. @, [HOI, |Z21-||23I, (381-031, etc.). It was proved in [0 and 0H that there is a unique 
invariant measure for stochastic Burgers and 2D Navier-Stokes equations with Levy noises. In 
>• \ these two works, the Levy noises are assumed to be square integrable. This restriction clearly 

rules out the interesting a-stable noises. It should be stressed that since the a-stable noise 
exhibits the heavy tailed phenomenon, the stochastic equation driven by a-stable processes 
| recently causes great interest in physics (cf. j51|20j|2Tl[3Pj etc.). 

We shall consider in this paper the following stochastic Burgers equation on torus T = 
R/(2ttZ): 



d t u t = u" - u t u' t + ij t , (1.1) 



where £ t is some time-white noise. As mentioned above, when £ f is additive Brownian noise, 
this type of equation has been intensively studied. In |UJ, Bertini, Cancrini and Jona-Lasini 
used Cole-Hopf 's transformation to reduce equation (11.11) to a linear heat equation and obtained 
the existence of solutions. In [7], the ergodicity was also proved by using some truncation 
technique (see also [fT3l [141 [TTI etc. for stochastic Navier-Stokes equations). In the present 
work we shall assume that ^ is a type of a-stable noise called a/2-subordinated cylindrical 
Brownian noise and prove the exponential ergodicity of equation (11.11) . There have been some 
results on ergodicity of stochastic systems driven by a-stable type noises (cf. |[3^|2~31[T91I3TT0 . 
In |[T9ll , Kulik obtained a nice criterion for the exponential mixing of a family of SDEs driven 
by a-stable noises. We refer to |[32l for the exponential mixing of stochastic spin systems with 
a-stable noises, and to ll23Tl for the exponential mixing of a family of semi-linear SPDEs with 
Lipschitz nonlinearity. 

Let us now discuss the approach to the ergodicity. In a previous work [[8J, we have proved 
the existence of invariant measures for stochastic 2D Navier-Stokes equation by estimating the 
fractional moments. The proofs clearly also works for Burgers equation (11.11) . To prove the 
exponential ergodicity, we shall use the Harris theorem (cf. IfTSII ). Thus, the main task is to 
verify the conditions in Harris theorem, where an important step in our proof is to prove the 
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strong Feller property for truncated equation. It is well known that the truncating nonlinearity 
technique is a usual tool to establish the strong Feller property for Navier-Stokes and Ginzburg- 
Landau type equations ( |[T3l[T2ll2~5ll3Tll ). To prove the strong Feller property, we shall truncate 
the quadratic nonlinearity of equation (11.11) and apply a derivative formula established in 113311 . 

This paper is organized as follows: In Section 2, we give some necessary notions and no- 
tations. In particular, we study the stochastic convolutions in Hilbert space about the a/2- 
subordinated cylindrical Brownian motions. In Section 3, we present a general result about the 
strong Feller property for SPDEs driven by a/2-subordinated cylindrical Brownian motions. 
This result generalizes the corresponding one in lT3~3l Theorem 4.1]. In Section 4, we prove 
our main result Theorem 14.21 by using suitable truncation technique and verifying the Harris 
conditions. In appendix, we study a deterministic Burgers equation and give some necessary 
dependence relation about the initial values. The result is by no means new. Since the proof is 
not so long, we include it here for the reader's convenience. 

We conclude this section by introducing the following conventions: The letter C with or 
without subscripts will denote an unimportant constant, whose value may change in different 
occasions. Moreover, let U be a Banach space, for R > we shall denote the ball in U by 

B s u :=j«eD: IMIu<*}- 

2. Preliminaries 

Let H be a real separable Hilbert space with the inner product (•, -> . The norm in H is denoted 
by || • 1 1 - Let A be a positive self-adjoint operator on H with discrete spectral, i.e., there exists 
an orthogonal basis {e^ke® and a sequence of real numbers < A\ < Ai < • • • < A k — » oo such 
that 

Ae k = A k e k . 

y 

For y 6 R, let H r be the domain of the fractional operator A 5 , i.e., 



W := A"5(H) = J J] W* : (a k ) ken cR,J]a 
[ k k 



\<+oo 



with the inner product 

(u,v) y := (Aiu,A?v) = ^ A y k (u, e k ) (v, e k ) Q . 

k 

The semigroup associated to A is defined by 

e~ tA u := e~ tAk (u, e k ) e k , t > 0. 

k 

It is easy to see that for any y > 0, 

IIA^e-^Ho < sup(^e- v )nM| = y y z y t^\\u\W (2.1) 

A>0 

For a sequence of bounded real numbers {3 = (fik)km> l et us define 



Qp : H -» H; Q p u := J]y8 fe <M, e k ) e k . 



i<=\ 

Lemma 2.1. Suppose that for some 6 > and 6,6' eR with 6 > 6', 

5A~} < \j3 k \ < S^A'J, \/k e N, (2.2) 

Then we have 

l|A^Q^||o<<r 1 |N| , ueB° (2.3) 
2 



and 

|IG^ 1 «||o<<r 1 |lA5 M ||o, ueR°. (2.4) 

Proof. By definition, we have 

WA^QpuWl = ^ \f3 k \ 2 A%(u,e k ) 2 Q < 6~ 2 J] <u,e k ) 2 = Sr 2 \\u\g 
k k 

and 

DO 

fc=l * 
The estimates follow. □ 

Let {W k ,t> 0}keN be a sequence of independent standard one-dimensional Brownian motion 
on some probability space (fi, & , P). The cylindrical Brownian motion on H is defined by 



W t := ™W 



For a 6 (0, 2), let 5 1 be an independent ar/2-stable subordinator, i.e., an increasing one dimen- 
sional Levy process with Laplace transform 

Ee"'' 5 ' =e" <w " /a , 77 > 0. 
The subordinated cylindrical Brownian motion {L t } t>0 on H is defined by 

U := W St . 

Notice that in general L, does not belong to EL 

We recall the following estimate about the subordinator S t . 

Lemma 2.2. We have 

P(5, < r) >0, r,t>0, (2.5) 

E(57 ? )<Cr«, q,t>0. (2.6) 

Proof. Estimate (12.51) follows by the strict positivity of the distributional density p t (s) ofS t . For 
(1231) . recalling that p t (s) satisfies (cf. (14)]) 



p t (s) < Cts- l -*&- tr * , 



we have 



E(s; q )<C I *j- 1 - £ r s e- ,,_T ds = Cr« I K-e - "dK, 
Jo Jo 

where the last equality is due to the change of variable u = ts~% , and C only depends on a, q. □ 
Let us now consider the following stochastic convolution: 

Z t := [\-^ A Q p 6L s = V f e^'^W*^, 
Jo Jo 

where <2/j denotes the intensity of the noise. The following estimate about Z t will play an 
important role in the next sections (cf. |[2"4"ll2~2~l0 . 
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Lemma 2.3. Suppose that for some y el, 



Then for any p e (0, a) and T > 0, 



sup E||Z f ||^ +1 < C a , p KjT% 



K[0,T] 



and for any 6 < y, 



and for any s > 0, 



y-6 



sup \\Z t \%\<C a , p KtT°[\ + T- 

te[0,T] 



sup ||Z,|| e <e)>0. 

te[Q,T] 



(2.7) 



(2.8) 



(2.9) 



(2.10) 



Moreover, 1 1-» Z t is almost surely cadlag in 



Proof. Estimate (|2.8I) follows by [33 , Proposition 4.2]. Next, we prove (12.91) . For any p e (0, a), 
by Burkholder's inequality for Brownian motion, we have 



E sup WQpUk 

\re[0,r] 



E sup WQpWtX 

fe[0,T] 



E sup WQpWX 

se[0,( T ] 



i=S 



= C r 



E (sf)r5. 



In particular, 



£ ^ 2/3^ is almost surely cadlag in H y . 
On the other hand, by integration by parts formula, we have 



Z t = Q f3 L t + f Ae-^QpLAs. 
Jo 



(2.11) 



(2.12) 



(2.13) 



Hence, for any < y, by (12.11) we have 



Jo 



^A^WAiQpLMo + C 



(* \\AtQpL s \\o 
Jo 



ds 



< C sup IIA'Q^Ho 1 +r 

se[0,t] 



y-6 



sup IIA'Q^Ho • »7f 

je[0,f] 



(2.14) 



Estimate (12.91 ) then follows by combining (|2.1 II) and (12.141) . Moreover, we also have that t h-» 
^ £ Ae~ (f ~^ )A Q j gL s d5 is continuous in H 6 *. Thus, the cadlag property of t i-» in follows by 
(127121) and (I2T31 . 
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Now, we prove (12.101) . By (12.141 ) we have 



sup \\Z t \\ e < s > P sup ||A 2 Qf,W Sl \\o < <*7r 

fe[0,71 / \/e[0,r] 



r 



-1 



sup HA^WfUo < e?7 r 

te[0,S T ] 



>P sup ||A'G^ f ||o <«7r ;5r < 1 

Ve[0,S r ] 



>P sup WQ fi W t \\o<er]T;ST < 1 
Ve[0,l] 



sup ||A2Q^||o<«/? 1 P(5r<D>0. 
K[0,1] / 

The last step is due to the fact that each term is positive. □ 

3. Strong Feller property of SPDEs driven by subordinated cylindrical Brownian motions 
In this section, we consider the following general SPDE in Hilbert space PI: 

du t = [-Au, + F(u,)]dt + QpdL t , u = <p e H, (3.1) 
where for some 6 > and 9 > ff > 0, 

5X~} < \p k \ < cT 1 ^, \fk e N, (3.2) 

and for some y, y' > 0, 

F : W — » PT y ' is bounded and Lipschitz continuous. (3.3) 
We need the following important constant: 

e :=inf|e>0:^^<+oo|. (3.4) 

The aim of this section is to prove that 

Theorem 3.1. Let or e (1, 2) and Z t := JT e~^ A QpdL s . Assume that ( 13.21) and i\3.3\) hold with 

y - 9' < 1 - 9 , y + Y < 2, (3.5) 
then for any <p e H, there exists a unique u, = u t (<p) satisfying that 

U,-Z t <= C([0, oo); H) n C((0, oo); PF), 

and 



u t = e' tA (p+ I e~ (t ~ s)A F(u s )ds + Z t . (3.6) 
/o 



T/'m addition that for some <x > 0, 

7<0<<r+f, <9 + y'<2, 
then for any bounded Borel measurable function <D : H — » R, ^2 £ H " f > 0, 

|EO( M ^i)) - EO( M ,fo))| < - (3.7) 

where t i-> C t is a continuous increasing function on [0, 00). 
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Proof. The proof is divided into four steps. 

(Step 1). We first establish the existence and uniqueness for (13.61) . Set w t := u t - Z t . Thus, to 
solve equation (13.61) . it suffices to solve the following deterministic equation: 

w t = eT tA <p + f Q- (t - s)A F(w s +Z s )ds. 
Jo 

By (ED, CO) and d331) . we have 

f E\\Z t \\^dt < C r £* < +oo, vr > 0, 
Jo 

where K y ^ is defined by (|2.7I) . Therefore, there exists a null set Q c ^ such that for all a) £ Qq, 

Z ? (a>) e H r for Lebesgue almost all t > 0. 

Below, we fix such an oj and use the standard Picard's iteration argument to prove the existence. 
Define wf ] := e~ tA ip and for neN, 

w[" ) :=e- ,A ^+ f e-^FCw^- 1 ) + Z,)d5. (3.8) 
Jo 

By (12.11) . we have 

||H/ M) || r < \\Ah- tA <p\\ + f \\A^^ A A-TF(w ( r 1] + Z s )\\ ds 

Jo 

<cH|M| + c f a-^r^iRw^ + z,)!!^ 

Jo 

<cr*\\<A\ + c sup \\F(u)\\-y (t- s y—ds 

ueW Jo 

= Crhiph + Ct^ sup ||F( a )ll-y. (3.9) 

ueW 

Similarly, for any n, m e N, we also have 

~ Wt% < f IIA^e-^A-^CFCw^ 11 + Z,) - FCwf" 15 + Z,))|| ds 
Jo 

Jo 

< ciiFibp fa - ^r^ik"-^ - wi m - 1) n 7 d S , 

Jo 

where ||F|| Lip := sup H5tveHy m "l~^ ly ' ■ This implies that for q < p = ^ and all * e [0, T], 

i i 



_ i_r+r 



Thus, by (13.91 ) and Fatou's lemma, we have 

lim sup ( S i\\w\ n) -w\ m) \\ 7 Y < C T f lim sup (r^w*" -1 ' - w^lkYdj 



By Gronwall's inequality, we obtain 



lim sup snw™ - wf\ = 0. (3.10) 



n,m-xx, S£[Q T] A ' 



Hence, there exists awe C((0, oo); H r ) such that for all T > 0, 

lim sup s'llw^ - w s \\ r = 0. 

.ve[0,T] 

Taking limits for equation (13.81) , we obtain the existence of a solution. The uniqueness follows 
from similar calculations. 

(Step 2). Let H„ be the finite dimensional subspace of H spanned by {ey, • • • , e n }. Below we 
always use the isomorphism: 

n 

H„ - R" : u = ^ u k e k , (u\, ■ ■ ■ , u n ) e R n . 

k=\ 

Let n„ be the projection operator from H to H„ defined by 

n 

Il n u := 2_j (u,e k ) H e k . 
k=i 

Let p n be a sequence of nonnegative smooth functions with 

supp(p„) c [z e H„ : \z\ < 1/n}, | p„(z)dz=l. 

Jh„ 



Define 



Then 



F n (u):= I p„(A5(w-z))ILF(z)dz= f p ;1 (z)n„,F(w - A h)dz, ue 
Jh„ Jh„ 



A~-F„( M )= p n (u - z)U n A--F(z)dz. 

Jh„ 

Since F : H y — » H _y ' is Lipschitz continuous, it is easy to see that 

sup ||V /l A-TF„( M )||o < sup ^Jl||A2/i|| , h 6 H„. (3.11) 

ueB.„ u+v \\U — V\\y 



Let 



/<=! 



Consider the following finite dimensional SDE: 

du\ n) = [-Au\ n) + F n {u { ^)]dt + QpdL ( "\ uf = <p e H„. 
By Duhamel's formula, we have 

ufiip) = e~ tA (p + f e- (t ' s)A F n (uf\(p))ds+ f Q {, ~ s)A Q p dLf . 
Jo Jo 

It is easy to see that the directional derivative of tp i-> u ( "\<p) along the direction h eM n satisfies 

V h u ( ;\<p) = e~ ,A h + f e- ( '- s)A V h (F n o uf^ds 
Jo 

By (|3.1 II) . we further have 



\\A?V h uf(<p)\\ < ||Ai e -' A /7|] + f ||A^e- (f - ?)A V ft A-T(F n o «W)(^)|| ds 

Jo 
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<Ct-\\Aih\\ Q + C (t-sy—\\V h A--(F n ou i ; ,) )(<p)\\ad S 



J~ e+y' y' 
(t _ ^ —\W,A~-(T7 r, ,Mh 


<cr?\\h\\„ + c f (t- s r B -¥\\A$v h ufXip)\\ ds, 

Jo 

in view of y < 6, which implies that 

As in the proof of (13.101 ), we have 

t*F\[Atv H u?\<p)\\o < CrllAlU h e H„, t e (0, T], 

where Cj is independent of n. 

Now, by (331 Theorem 1.1], we have 

V h E<I>(u t (<p)) = ¥,[^{u { t (sp))\ t f Q (Q-/V h uf\cp),dL^ . 
By Holder's inequality, (12.61) and Il33l Theorem 3.2], for any p e (l,a) and q = we have 

Jo 



(3.12) 



||V fc BO(ii ( w ( V ))|| <||<D|| oo (E(^ ? 



1/9 



cuoiuri^Eiie^v^V)!!^ 



I/a 



123] 

mi 

< emu- 



i (I 



E||A'V*«W( V )||«ds 

l/a 

(o--e)g 
5 2 ds 

„ heX. 



l/a 



< c\mu~--\\h 

From this, we in particular have 

lEOC^V^-EOC^W)! < CHOiurs- 2 ?!!^ -^iu ^ 2 e 

where C is independent of n. 

(Step 3). In this step we prove that for any fixed t > and ip e H°, 

lim \\u ( ^\U n ip) - u t ((p)\\ = 0, P - a.s. 

n— >oo 

Set 

Jo 



(3.13) 



(3.14) 



Then 



and 



Wt - Wt = e -<*(n n <p-cp)+ I e- lI -^(F B ( W w+Z^)-^(w,+Z,))<ls, 



||w?° - w,|| r < Cr? ||n„ V - V ||o + C f (f - 5)- 2 ^||F n (^" ) + Zf) - F(w s + Z,)||^<te. 

Jo 

Notice that by the definition of F n , 

\\F n (wf + Zf) - F(w s + Z s )\\-y < l|i r || L ip(lk n) - w s \\ y + ||(n„ - I)Z s \\ y + I) 



+ ll(n„-/)F(>v s +z J )ii_ y 

and 

lim ||(n„ - T)Z s \\ y = 0, lim ||(n„ - I)F(w s + Z s )\\-y = 0. 

n^>oo ' n— *oo 

Since F is bounded, by Fatou's lemma, we obtain 

lim \\w ( " } - w t \\y < C f {t- sT^hmWw^ -w s \\ y As, (3.15) 

ft— >oo n— >oo 

which then gives 

Urn ||w< n) - w t \\y = (3.16) 

n— >oo 

as well as (13. 14b . 

(Step 4). For proving (13.71) . we first assume O is continuous. In this case, by taking lim- 
its for (13.131 ), we obtain (13 .VI ). For general bounded measurable O, it follows by a standard 
approximation. □ 

4. Exponential Ergodicity of stochastic Burgers equations driven by ck- stable noises 

We first recall the following abstract form of Harris' theorem (cf. lfT8l Theorem 4.2]). 

Theorem 4.1. (Harris) Let P t be a Markov semigroup over a Polish space X. We assume that 
for some Lyapunov function V : X — » R+, 

( i) there exist constants Cy, y, Ky > such that for every x e~K and t > 0, 

P t V(x) < C V Q yt V{x) + K v ; 

( ii) for every R > 0, there exists a time t > and 5 > swc/z that for all x,y e B^, 

imC*, •) - P t (y, OHtv := sup |p f O(*) - *>,<D(y)| < 2 - ft 

||(D|K1 

where \\ ■ ||tv denotes the norm of total variation. 
Then P t has a unique invariant probability measure n with 

\\P t (x, 0-dlTV<Ce-^(l + V(x)) 

/or some C, y* > 0. 

In this section we shall use Theorems 13 .H and (14.11) to prove the exponential ergodicity of sto- 
chastic Burgers equations driven by a-stable noises. Let H be the space of all square integrable 
functions on the torus T = [0, In) with vanishing mean values. Let Aw = -u" be the second or- 
der differential operator. Then A is a positive self-adjoint operator on EL Let A 2k '■= ^-2k+i '■= k 2 
and 

end*) '■= 7r ~- cos(kx), e 2k +i(x) '■= sin(fcx). 
It is easy to see that {e k , k e N} forms an orthogonal basis of H and 

Ae k = A k e k , kN. 



9o = 



T 



In this case, let 6 be defined by (13.41) . then 
Define a bilinear operator 

B(u, v) := uv' , u,v e 

and write 

B(u) = B(u, u). 
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Consider the following stochastic Burgers equation driven by L t : 

du t = [-Au t - B(u t )]dt + Qp&L t , u Q = <p e H, (4.1) 

where Qp denotes the intensity of the noise as above. 
The main result of the paper is that 

Theorem 4.2. Let a e (1,2). Assume that for some | < 9' < 6 < 2 and 6 > 0, 

6k' < \B k \ < V£ e N. (4.2) 

(i) Let Z t := e''-''^ QpdL s . Then for any ^eH, there exists a unique u.(<p) with 

u.-Z.e C([0, oo), H) n C((0, oo), H 1 ) 
solving equation ( I4.il) . /n particular, (t, <p) \-> u t ((f) is a Markov process on EL We write 

PM<f) :=EO( Mf fa)). 

(z'z) OP?)f>o w strong Feller, i.e., for any bounded measurable function O on H and t > 0, V,® 

is a continuous function on EL 
( Hi) There exists a unique invariant probability measure p on H such that 

im(^0-^llTv<Ce-ni + IMIo) (4.3) 

for some C, y t > 0. 

Proof. We divide the proof into four steps. 

(Step 1). In view of 9' > §, for any y £ (1, ff — \), by (|2~9l ) we have 

b( sup IIZ.Iu) < C Q V k 2r ~ 2e ' T«(l + T^)< +oo, T>0. (4.4) 

Thus, (i) follows by Theorem 15.11 below. 

(Step 2). In this step, we prove the following claim: For given R > 0, there exist T = T(R) e 
(0, 1] and K x = Ki(R, T) > 0, K 2 = K 2 (a, 9') > such that for any bounded measurable function 
<D on H, (fi, (f2 G B^ 1 and all t e (0, T], 

\PM<pi)-PM</>2)\ < ^ir~-||0|U| Vl - i P2 \\ l + (4.5) 

K 

Consider the following truncated equation: 

duf = [-Auf - B R (uf)]dt + QpdL,, u% = (peU l , 

where 

B R (u):=B(u)- X (\\u\\i/(5R)), 

and x e C°°(R, [0, 1]) satisfies 

X (r) = l, V|r| < 1; *(r) = 0, V|r| > 2. 

Define the stopping time 

rjM := inf {r > : |k(^;w)||i > 5R}, <p e if , 

and let 

w t (<p; w) = w) - Z f (w). 

Then we have 

P(rJ < f) = pf sup \\u t (<p)\\i > 5R] < P| sup |K(^)||i + sup IIZJj > 5i? 

\s€[0,t] I \se[0,t] s€[0,t] 
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<P sup \\w s (<p)\\i > 47?, sup IKIh <fl + P sup HZJh . (4.6) 

\se[0,fl «E[0,f] / W[0,fl / 

By Theorem 15.11 below, there exists a time T = T(R) e (0, 1] such that for any ip e Bjj' and 
t 6 (0, r], if sup ie[0 , f] ||Z,(w)||i < R, then 

sup ||w,to<y)||i <3R. (4.7) 

se[0,f] 

Hence, by (14.61) and Chebychev's inequality, we have for any <p e B^' , 

P« < „ < P(sup HZ,,,, > R ) < E(SUP """ Z '" l) ¥ %i (4.8) 
On the other hand, by the uniqueness of solutions, we have 

K,(p) = uf(p),W€[0,<lJ). 

Thus, if we choose a = y = \ and y' = in Theorem 13. 1[ then by (13.71) . we have for any 
f e (0,71 and ^i.^eB? 1 , 

\PMtpi) - 9>M<Pi)\ < |E(0( Mf (^i)); t£ > *) - E(0( Mf (^ 2 )); rj 2 > t)\ + P(t£ < f) + P(< 2 < 
= |e(o( M ? (pO); t£ > f) - E(0( M f to)); r£ 2 > f)| + P(rJ < + P(< 2 < 

< |e(<D(«? to))) - E(0(«f to)))| + 2P(rJ ( < t) + 2P(rJ < f) 

< ^r^^llOIUII^! - ^Ih + 2P(rJ, < f) + 2P(rJ 2 < 0, 
which together with (14.81) gives (I4.5I ). 

(Step 3). In this step, we prove (ii). Let O be a bounded measurable function on H. Let us 
first show that for any t > 0, 

(p i-> "P,®^) is continuous on H 1 . (4.9) 

Let {(p n ) c Bf converge to <p in H 1 . Let T = T(R) e (0, 1] be as in Step 2. For fixed t > 0, by 
(14.51 ) we have 

m$to) - PM<P)\ = \'PtAT'Pt-tAT®(<Pn)-'PtAT'P t -tAT®(<p)\ 

K 2 (t A T)h 



1 9-1 . 



< Kx(t A r)-»--||!P f -rArO|U||^ - V |h + 

<^i(fArr^||0|ui^-^|| 1 + ^, 

K 



R 



where = K^(R, T) and K 2 = K 2 (a, 9'). First letting n — » oo and then 7? — » oo, we obtain 

lim |f ( 0( y „) - n^tol = 0. 

n— >co 

Next we prove that 

^ "P f O to is continuous on H. (4.10) 

For 7? > 0, define 

£2 R := \io : sup ||Z s (o>)||i < R \. 

{ se[0,l] J 

n 



By Theorem |5 . 1 1 again, there exists a time T = T(R) e (0, 1) such that for any co e Q. R and all 

<p u <p 2 eB®andt€(0,T], 

\\u t ((fu co) - u t ((f 2 ;co)\\i = \\w,(<pu co) - w t ((p 2 ;o))\\i < 2t~?\\tp l - (p 2 \\o. (4.11) 
Let {(f n ) c BjJ converge to tp in H. For any t > 0, we have 

\PM<p„) - Pt<&{<p)\ = \%((P t -tAT®)(u tAT (<Pn))) ~ E((*V fAr O)( MfA rfo>)))| 

< \B((P t - tAT ®)(u tAT (<Pn)) ~ (P t -tAT®)(UtAT(m&R)\ + 2P(^r), 

which together with (14.91) and (14.1 II) yields (14.101) by first letting n — » oo and then R — » oo. 

(Step 4). In this step, we prove (iii). Take V(tp) = 1 + ||^||o- Let us first check (i) of Theorem 
14.11 Arguing as deriving (1.2) of (El and taking 8=1 therein, we have 

e(su P ||iO,) + e( f 1'"^ d^<C(l+IM| + 0. 

\ S e[0,t] } \Jo (llMvllo + 1) 1/2 / 

which, together with the spectral gap inequality ||w|| < ||w||i, implies 

E(||«,||o + 1) + E ^ — ds Uai + IMIo + O- 
Wo (lk-llo + D 1/2 / 

From this, we get 

EV(u t ) < ~ [ EV(u s )ds + CVitp) + Ct, 
2 Jo 

which implies that 

EV(u t ) < Ce-i'V((p) + 2C, V t > 0. (4.12) 
Next we check (ii) of Theorem l4.ll Fix R > 0. Let s, to > 0, to be determined later. Define 

C^ o :=L: sup ||Z,(w)||i<4- 

I *e[0,?o+l] J 

By (15.61 ) below, one can choose e := ^ A ^ 2+l and t > 21og(i? 2 /e 4 ) so that for each 
s e (0, e ], all co e Qf , <p e Brandt e [t , t + 1], 

\\ Wt {tpM\\l < IMI^^ + C 2£ 4 fV> £ -^d. 

Jo 

< i?V ;/2 + 2C 2 e 4 < (2C 2 + l)e 4 < s 2 . 

By using Theorem 15.11 again with R = s and starting from t Q therein, there exits a time t\ e 
(t ,to + 1] such that for all t 6 (t , t\] and s e (0, £ L 

||w^,w)Hi < (t- t Q rH2\\w t0 (<p,to)\\ ) < (t-t rH2s). 
In particular, for each e £ (0, e ), all a» 6 and </? £ BjJ, 

IK(^,w)|h < 2(fi -to)-*s. 

For ^,(c 2 eBj,ifwe define 

^(^1,^2) := [co : ||w fl (^i,w)||i + \\w tl ((p 2 , to)\\i < A(t\ -t )~is}, 
then from the above implication, one has 

Qf o cA*(^ 2 ). (4.13) 
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Now by definition, for any t 2 & (h,to + 1) with t 2 - h being small, we have 

- P h (<P2, OIItv := sup \P t M<Pi) - P h WfPi)\ 
PIU<1 

= sup m 1 p H % 1 )-n 1 p H %)i 



= sup IeK-^KC^i))-^ $M<? 2 ))) 
llflU^l 1 

sup |EK- fl 0(^(^0) - ^0(^(^2)); A'C^i,^)) 
-1 1 

2(1 -m s tM,n)))- 



+ 

Noticing that on Af (^1, ^2)* 

IK(<£l) - U tl ((f 2 )\\i = \\w tl ((fi) - W,,(^2)||i < 4(*i - £o)~*£, 

by (14.51) . we further have for all s e (0, £o)> 

WtSfPu - n 2 (^2, OIItv < (4^(^ - hT^(h - f )-»e + Kl{t2 ~ h)a 

xP(A; i (^ 1 ,^ 2 ) + 2(l-P(Af i (^ 1 ,^ 2 ))) 

(1 9-1 1 Kiiti — £i)<* 

2 _ 4^2 - - ?o)" 2 e - 2V2 ^ 

XPCA*(^,^)). 

Choosing first £2 e (fi , A) + 1) so that 

£ 2 fe - h)« < 1 

and then £ e (0, e ) so that 

4^i(«2 - hr^ih - t y L is < \, 

we finally obtain that for all (fi,(f2 e B^, 

im 2 (^i,-)-n 2 (^2,-)llTv<2-P(Af i ( Vl ,^ 2 )) < 2-P(Q*). 

The condition (ii) of Theorem 14. II is thus verified by (12.101) . and (iii) follows by Theorem 14.11 
The whole proof is complete. □ 

5. Appendix: A study of deterministic Burgers equation 

In this appendix we study the following deterministic Burgers equation: 

w t = -Aw, - B(w t + Z t ), w = (p& H°, (5.1) 

where 1 1-> Z t is a bounded measurable function onH 1 . 

Recall the following estimate about the bilinear form B(u,v) (see [27, Lemma 2.1]): 

(B(u,v),w) < CHwLJMU+ilMI^, a- 1 +<t 2 + cr 3 > 1/2, (5.2) 

where C only depends on <j\,a 2 , cr 3 . Let M T be the Banach space defined by 

M r := \u 6 C([0,r];H) n C((0, 7/]; H 1 ) : ||w|| Mr := sup (||w ? || V (^Iklli)) < +00 

We have 
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Theorem 5.1. For given R > 0, there exists a time T = T(R) e (0, 1], which is increasing as 
R i 0, such that z/sup re[0 r] ||Z ; ||i < R, then 

( i) for any (p e BjJ, z/zere zs a unique w = w(^) 6 B^ r satisfying that for all t e [0, T], 

w t = e' tA <p- f e- (t ~ s)A B(w s + Z s )ds; (5.3) 
Jo 

(ii) forany<p u <p 2 e B^, 

||w.(^i) - w.(<P2)\\m t < 2|]^! - <p 2 \\ ; (5.4) 
(z'z'z) /or any <p e B^f and r € [0, T], 

\\w,(<p)\\i < 3/?. (5.5) 
Moreover, there are two constants C\, C 2 > swc/z that for any ^eH and all t > 0, 

MS < IMlg^'^" 1 ^ + C 2 feX' (C '" z ^- 1)d niZ. v ||td5. (5.6) 

Jo 

/n particular, for any (ceH, zTzere exi'sto a unique w.(<p) e U r>0 MI r satisfying A5.3\) . 
Proof. We use the fixed point argument. Fix </> e B^ . Define a nonlinear map on M T by 

At(w) f := e~ tA (f - f e (, - s)A B(w s + Z s )ds. 
Jo 

We want to show that for some T := T(R) < 1, 

M is a contraction operator on B^ r . 
Fix o- e (1, 1). For w 6 B^ r , by (O) and we have for all ? < 7, 

IIMwWIo < IMIo + Co- f (t- s)-?\\B(w s +Z s )\\-<rds 



R + C a f (f - 5)-S(||wJ| + ||Z s || )(IK||i + ||Z,||i)dj 
Jo 



<R + C ir R I (/-.v)~n,v~?/? + /?)d.v 





1-0- 



< i? + Co-Rft^R + < + Ca-R 2 ^, 

where Co- only depends on <x. Similarly, we also have 



1 . 



iiAt(w),iii ^niMio + c^ a-^r-iis^+z^iud* 



^r^R + C^R 2 (t - s)~~r s~*ds 



Hence, 

||M(w)|| Mr ^R + C^T 1 ^. 
If we choose 7 1 < (C^)"^ a 1 =: 7 l5 then ||M(w)|| Mj . < 2R, and 



At maps B^ T into B^ r . 
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On the other hand, for w, v e B^ r , by (15.21) again, we have 

\\M(w) t - M(v) t \\ Q <C a f (t- s)-% \\B(w s + Z s ) - B(v s + Z s )\\-As 



<C a (t- s)~\\w s -v s \\ Q {\\w s \\i + \\Z s h)&s 

>0 



Jo 

+ C a f {t- sTHw s - vMWvsWo + l|Z.,|| )d5 
Jo 

< Co- sup ||w, - v s || I (t - s)~i(s~?R + R)ds 

se[0,f] Jo 

+ Co- sup s J \\w s - v s \\i J (t - s)~?s~?Rds 

se\0,t] Jo 



se[0,f] 

< C a R\\w- v|| M ,r?, 
\\M(w), - M(v),h < CrRWw - v\\ Mt f 



2 



l-cr 
2 



and 
Hence, 

\\M(w) - M(v)\\ Mt < C a R\\w - v\\ Mt T 
Letting T < Jc~r a =: T 2 ,we obtain 

\\M(w) - M(v)\\u T < Ilk - v|| Mr . (5.7) 

The existence and uniqueness for equation (15.31) follow by the fixed point theorem. Moreover, 
as in estimating (15.71 ), we also have (I5.4I ). 

Next we prove (15.51) . As above, by (12.11) and (15.21) , we have 

! < He-^Hi + f \\e- {, - s)A B(w s +Z s )\\id S 
Jo 

<IMIi + C (r f (t-sy^\\B(w s +Z s )\\-<rds 
Jo 



<IMIi+C (r a-5r-(||w 4 .|| () + |]Z. v |] )(||w. s |] 1 + ||Z s || 1 )d5 
Jo 

C' l+o- 

<IMIi + C (r /? (f-j)~2- (|| Wi ||i+/?)dj 
Jo 



< \\ip\U + C^Rt— \ sup IKJh +R 
W[0,r] 

2 

From this, one sees that for ? < (2(Co-i?))~~ A T 2 , 



sup IK-Hi < 2|Mli + 2C a R l t— < 3R. 

se[0,t] 

We now prove (15.61) . Notice that 

fl ( ||w f ||g = -2W? + 2<fl(w f + 2,),w f > . 
Since (B(w, w), w) = 0, we have 

(B{w t + Z t ), w t ) = (B(w t , Z t ), w t ) + (B(Z t , Z t ), w,) + (B(Z t , w t ), w t ) . 
Thus, by (15.21) and Young's inequality, we have 

2\(B(w t + Z t ),w t ) \ < C\\w t UZ t \h\\w t \\o + C\\Z t \\j\\w t \U 
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<IK||? + C 1 ||w^||Z ( ||? + C 2 ||Z ( ]|f. 

Hence, by | ] w| | < ||w||i, we obtain 

dAM\l<{CA\z t \\\-\)\\ Wt \\l + c 2 \\z t \\\, 

which implies (15.61) by solving this differential inequality. □ 
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